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Abstract
We study the models with radiative neutrino mass generation and explore the relation be-
tween the neutrino masses and dark energy. In these models, the pseudo-Nambu-Goldston bosons
(pNGBs) arise at two-loop level via the Majorana neutrino masses. In particular, we demonstrate
that the potential energy of the pNGB can be the dark energy potential and the observed value of
the equation of state (EoS) parameter of the universe, i.e., w ≃ −1, can be realized.
PACS numbers: 98.80.Cq,14.60.Pq,14.80.Cp,14.80.Cp
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I. INTRODUCTION
In the standard model (SM) of particle physics, neutrinos are massless. However, various
experimental searches indicate that neutrinos have tiny masses (≤ O(10−2) eV) [1]. It is
a challenging and important problem to explain the origin of the small neutrino masses.
Various mechanisms could generate neutrino masses [2], in which the one with radiative
neutrino mass generation without right-handed neutrinos by extending the Higgs sector
[3, 4, 5] is particularly interesting because the neutrino masses are naturally small. It is
clear that without the right-handed states the active neutrinos can only have Majorana
masses.
On the other hand, recent cosmological observations have confirmed that not only there
existed the inflationary stage in the early universe, but also at present the expansion of the
universe is accelerating [6, 7, 8]. Although various scenarios for the late-time acceleration
in the expansion of the universe have been proposed, the cosmic acceleration mechanism is
still not well understood [9, 10, 11, 12, 13].
In the framework of general relativity, the current accelerating universe is due to the
so-called dark energy (or cosmological constant) with its density at the present time is only
about (10−3eV)4, which is much smaller than any known energy scale in particle physics
except the neutrino masses. It is interesting to note that the energy scale of dark energy
coincides with the neutrino masses as discussed in Ref. [14].
Recently, it has been suggested [15, 16, 17, 18] that the neutrino masses vary as a function
of a scalar field, called the “acceleron”, which drives the universe to its present accelerating
phase. Such neutrinos are referred as mass varying neutrinos (MaVaNs). The effects of the
MaVaNs on the anisotropy of the cosmic microwave background (CMB) radiation and large
scale structure (LSS) have been studied in Ref. [19]. Several models with the generation of
the MaVaNs through the see-saw mechanism with right-handed neutrinos to account for the
baryon asymmetry in the universe have been proposed in Refs. [20, 21]. In these studies, one
has to break a global symmetry spontaneously to get a Nambu-Goldston boson (NGB) and
introduce a soft symmetry breaking term so that the NGB receives a soft mass via a loop
diagram and becomes a pseudo-Nambu-Goldston boson (pNGB). This pNGB corresponds
to the acceleron field in the scenario proposed in Ref. [15]. Some models to explain neutrino
masses and dark energy at the TeV scale have been explored in Refs. [22, 23]. Moreover,
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the Majorana neutrino superfluidity and the stability of the neutrino dark energy have been
discussed in Ref. [24].
In this paper, we consider the generation of the small Majorana neutrino masses through
the radiative mechanism without right-handed neutrinos in the framework of the extended
Babu-Zee model [4]. Here, we do not introduce a soft breaking term “by hand”, but induce
one from loop diagrams. In other words, we break global symmetries spontaneously in the
first place, and then, via loop diagrams, introduce a soft (original) symmetry breaking term
followed by a mass term for the pNGB. This pNGB also plays a role of the acceleron field.
As a result, we show that the small neutrino masses depend on the pNGB and we argue
that the potential energy of the pNGB can be the potential of dark energy. Furthermore,
we demonstrate that the observed value of the equation of state (EoS) parameter from
the Wilkinson Microwave Anisotropy Probe (WMAP) data on the anisotropy of the CMB
radiation can be realized by following the discussion in Refs. [15, 16, 17].
II. PSEUDO-NAMBU-GOLDSTON BOSON AS THE ACCELERON FILED
In the Babu-Zee model [4], it contains only two extra scalar bosons beyond the SM,
i.e., one singly charged scalar (h+) and one doubly charged scalar (k++). In this study, we
would extend the Babu-Zee model [4] by considering three singly charged scalars: h+eµ, h
+
eτ
and h+µτ ; and three doubly charged scalars: k
++
eµ , k
++
eτ and k
++
µτ , which carry different lepton
numbers. In addition, we have to introduce singlet scalars (Φab) to break the lepton number
symmetries and induce non-zero phases. The particle contents and quantum numbers are
shown in Table I, where U(1)e, U(1)µ and U(1)τ represent the electron, muon and tau
number symmetries, lL and lR are the left-handed lepton doublet and right-handed lepton
singlet, H is the Higgs doublet in the SM, and h+ab and k
++
ab are singly and doubly charged
scalars, respectively.
The Yukawa couplings between the singly and doubly charged scalars and fermions are
given by
LY = fab(l
T i
aLCl
j
bL)ǫijh
+
ab + gab(l
T
aRClbR)k
++
ab + h.c. , (1)
where C is the charge conjugation matrix, i, j and a, b are SU(2)L and generation indices,
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respectively. In our model, it is convenient to expand the Lagrangian in Eq. (1) as follows:
LY = 2[feµ(ν¯ceµL − ν¯
c
µeL)h
+
eµ + feτ (ν¯
c
eτL − ν¯
c
τeL)h
+
eτ + fµτ (ν¯
c
µτL − ν¯
c
τµL)h
+
µτ
+geµ(e¯cµR)k
++
eµ + geτ (e¯
cτR)k
++
eτ + gµτ (µ¯
cτR)k
++
µτ ] + h.c. , (2)
where we have used fab = −fba, gaa = 0 and gcd = gdc (c 6= d). The Higgs potential can be
written as two parts:
L1 =
∑
ξ,η
βηξ (h
+
ξ h
+
η k
−−
η Φξ) + β
µτ
ee (h
+
eµh
+
eτk
−−
µτ Φee) + β
eτ
µµ(h
+
eµh
+
µτk
−−
eτ Φµµ)
+βeµττ (h
+
eτh
+
µτk
−−
eµ Φττ ) + h.c. , (3)
where ξ, η = eµ, eτ, µτ and
L2 = µ
2(HH†) + λ(HH†)2 + µ2ij(h
+
ijh
−
ij) + λij(h
+
ijh
−
ij)
2 + µ˜2ij(k
++
ij k
−−
ij )
+λ˜ij(k
++
ij k
−−
ij )
2 + κij(HH
†)(h+ijh
−
ij) + κ˜ij(HH
†)(k++ij k
−−
ij )
+Cijlm(h
+
ijh
−
ij)(k
++
lm k
−−
lm ) + C˜ijlm(h
+
lmh
−
ij)(k
++
ij k
−−
lm ) . (4)
We remark that there are enough degrees of freedom to redefine the fields and make all the
coefficients in Eqs. (2) and (3) real. We also note that it is not necessary to include all
three Φaa (a = e, µ, τ) to get a realistic model. However, to have a non-vanishing phase
field, at least one of them is needed. Furthermore, in the model the lepton symmetries
TABLE I: The particle contents and quantum numbers, where lL and lR are the left-handed lepton
doublet and right-handed lepton singlet, h−ab and k
−−
ab are singly and doubly charged scalars, and
a, b = e, µ and τ .
Particles SU(2)L × U(1)Y U(1)e × U(1)µ × U(1)τ
lLa (2,-1) (δae, δaµ, δaτ )
lRa (1,-2) (δae, δaµ, δaτ )
H (2,1) (0,0,0)
h−ab (1,-2) (δae + δbe, δaµ + δbµ, δaτ + δbτ )
k−−ab (1,-4) (δae + δbe, δaµ + δbµ, δaτ + δbτ )
Φab (1,0) (δae + δbe, δaµ + δbµ, δaτ + δbτ )
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are spontaneously broken after the singlet scalar fields Φab acquire the vacuum expectation
values (VEVs) vab. For convenience, we parametrize Φab as nonlinear σ fields in terms of
the Nambu-Goldstone bosons (NGBs) φab by
Φab = vab exp (iφab/vab) . (5)
For simplicity, we assume that all VEVs are the same, i.e., vab = v. It is clear that there
are only three independent NGB states, defined by
ψ1 = φeµ − φee/2− φµµ/2, ψ2 = φeτ − φee/2− φττ/2, ψ3 = φµτ − φµµ/2− φττ/2 . (6)
III. NEUTRINO MASSES
As the original Babu-Zee model [4], the neutrinos receive Majorana masses induced radia-
tively through the two-loop diagrams shown in Fig. 1. Consequently, the Majorana neutrino
mass term is found to be [4, 5, 25, 26]
Lmass = −
1
2
(Mν)ab(ν¯cL)a(νL)b + h.c. ,
Mν =


Mee Meµe
iψ1/v Meτe
iψ2/v
Mµee
−iψ1/v Mµµ Mµτe
iψ3/v
Mτee
−iψ2/v Mµτe
−iψ3/v Mττ

 , (7)
with Mab = Mba and
Mab =
∑
c,d
8βcdabgcdfdafbcmcmdvIcd , (8)
FIG. 1: Two-loop diagrams to generate neutrino masses.
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where we have redefined the neutrinos by
νa exp(iφaa/2v)→ νa , (9)
βcdab are symmetric under the exchange of a↔ b or c↔ d and Icd is the loop integral, given
by
Icd =
∫
d4k
(2π)4
d4q
(2π)4
1
(k2 −m2c)
1
(k2 −m2hbd)
1
(q2 −m2d)
1
(q2 −m2hac)
1
((k − q)2 −m2kcd)
,(10)
with mc,d, mhac,hbd and mkcd being the corresponding masses of the charged fermions, singly
and doubly charged scalars, respectively. Here, we have assumed that all couplings of fab
and gab are real. We note that all three NGBs become pNGBs because the induced neutrino
masses lead to soft breaking terms into the theory to explicitly break the global symme-
tries. We remark that, unlike the original Babu-Zee model [4], there only exist few terms
contributing to the neutrino masses because of three global U(1) symmetries.
To estimate Mab in Eq. (8), we take mc,d ≪ mhac,hbd ∼ mh and mc,d ≪ mkcd ∼ mk. In
these approximations, the loop integral in Eq. (10) can be simplified as [25, 26]
Icd ≃
1
(16π2)2
1
m2h
I˜
(
m2k
m2h
)
, (11)
where the dimensionless function of I˜(x) is a smooth function from π2/3 decreasing to ≃ 0.8
for an interval 10−3 < x < 10. In the Babu-Zee model [4] there exist some tree-level
lepton number violating processes. In our model, there are no such tree processes because
we introduce more charged scalars couple to different “pairs” of leptons. However, these
processes could be induced at the loop level, which will be ignored in our present discussions.
Furthermore, there is no t-channel k++ exchange for the muonium-antimuonium oscillation
because there are no e¯cReRk
++ and µ¯cRµRk
++ couplings in our model. Moreover, there are
no lepton number violating radiative decays of ℓ2 → ℓ1γ (ℓ1 6= ℓ2) because different pairs of
leptons are coupled by different charged scalars. On the other hand, in our model there are
contributions to lepton number conserving processes such as g − 2 and ℓ2 → ℓ1ν2ν¯2, which
give some loose constraints on the couplings of fab and gab [25]. To illustrate the numerical
estimation, by choosing that βcdab ∼ 1, fab ∼ 0.1, gab ∼ 1, and mh ∼ mk ∼ v ∼ 1TeV,
all neutrino mass elements in Eq. (8) are found to be ≤ O(10−2eV). We note that since
there are too many free parameters in the model, it is always possible to obtain the realistic
neutrino mixings. Finally, we remark that the three singlet fields of Ψaa (a = e, µ, τ) can be
reduced to one without altering the feature of the model.
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IV. DARK ENERGY
Similar to Ref. [27] (see also [21]), we can write down the induced potential for pNGBs
as follows:
V (ψ1, ψ2, ψ3) ∼
1
32π2
Tr
[
MνMν
†MνMν
†ln
Λ2
MνMν
†
]
, (12)
where Λ is the ultraviolet cutoff. Expanding Eq. (12), we obtain
V (ψ) ∼
[
1
4π2
ρ cos
(
ψ
v
)
+O(M4ab)
]
ln
Λ2
Λ2ρ
, (13)
where ρ ≡ (Mee+Mµµ+Mττ )(MeµMµτMeτ ), Λ
2
ρ ≡ M
2
ee+M
2
µµ+M
2
ττ +2M
2
eµ+2M
2
µτ +2M
2
eτ
and ψ ≡ ψ1 − ψ2 + ψ3. Note that in our minimal model, Mee and Mµµ are zero. We
shall concentrate on the field of ψ, which is the linear combination of the pNGBs. We
will demonstrate that in our model, the field ψ plays a role of the acceleron field with the
potential V ∼ O(m4ν) and the effective mass m
2
ψ ∼ O(m
4
ν/v
2). To do this, we first examine
the case in which the energy density in the dark sector ρdark is made of the densities of
neutrinos (ρν) and dark energy (ρDE), given by
ρdark = ρν + ρDE , (14)
where the dark energy density is assumed to be a function of neutrino masses (mν ), i.e.,
ρDE = ρDE(mν). At the present time, because neutrinos are nonrelativistic, ρν = mνnν ,
where nν is the total number density of neutrinos and antineutrinos. Hence, from Eq. (14)
we get
ρdark = mνnν + ρDE(mν) . (15)
Here, we have concentrated on ρdark being stationary with respect to the variation of the
neutrino masses, which implies that
∂ρdark
∂mν
= nν +
∂ρDE(mν)
∂mν
= 0 . (16)
By defining the equation of state (EoS) parameter w as w = p/ρ, where p is the total
pressure of the dark sector of the universe and ρ is the total energy density of it, we find [15,
17]
w + 1 ≃
mνnν
ρdark
≃ −
mν
ρdark
∂VDE(mν)
∂mν
, (17)
7
where in deriving the second approximate equality we have used Eq. (16) and ρDE(mν) ≃
VDE(mν) and VDE(mν) is the dark energy potential. We note that for the approximation
in Eq. (17), we have neglected the contribution of any kinetic terms to the dark energy
density1.
We now discuss the case in which the neutrino masses depend on some scalar field A,
called the acceleron, mν = mν(A). From Eq. (17) we obtain
w + 1 ≃ −
mν
ρdark
∂VDE(mν)
∂A
1
∂mν/ (∂A)
. (18)
According to the five-year WMAP data on the anisotropy of the CMB radiation [29], the
observed value of w is w ≃ −1. To have w ≃ −1, it follows from Eq. (18) that the potential
for A has to be very flat, i.e., ∂VDE(mν)/ (∂A) ≃ 0, and/or the dependence of mν on A has
to be very steep, i.e., ∂mν/ (∂A)≫ 1.
Hence, in our model the pNGB ψ corresponds to the acceleron field A. From Eq. (13),
we find that the dark energy potential is given by
VDE = V (ψ) ∼ m
4
ν cos
(
ψ
v
)
. (19)
For |ψ/v| ≪ 1, which can be satisfied if the scale v is sufficiently large, we find that
|∂V (ψ)/ (∂ψ) | =
(
m4ν/v
)
sin (ψ/v) ≃ 0 . (20)
Thus, it follows from Eqs. (18) and (20) that in this model the observed relation w ≃ −1
can be realized.
V. SUMMARY
In summary, we have considered the generation of the small neutrino mass through the
radiative mechanism in the extended Babu-Zee models. We have shown that the generated
small neutrino masses depend on a pNGB, which can play a role of the acceleron field and
the potential energy of the pNGB can be the dark energy potential. In particular, we have
demonstrated that the observed value of the EoS parameter from WMAP can be realized.
1 The accuracy of this approximation is shown in Ref. [15].
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